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We show that a thermal reservoir can effectively act as a squeezed reservoir on atoms that are
subject to energy-level modulation. For sufficiently fast and strong modulation, for which the
rotating-wave-approximation is broken, the resulting squeezing persists at long times. These effects
are analyzed by a master equation that is valid beyond the rotating wave approximation. As an
example we consider a two-level-atom in a cavity with Lorentzian linewidth, subject to sinusoidal
energy modulation. A possible realization of these effects is discussed for Rydberg atoms.
PACS numbers: 03.65Yz, 42.50.-p
I. INTRODUCTION
A two-level atom (TLA) that interacts with squeezed
light fields (or squeezed reservoirs) may exhibit charac-
teristic dynamics and fluorescence properties that depend
on the strength and/or phase of the squeezing [1, 2]. For
example, different decay rates for the two atomic-dipole
quadratures [3] and subnatural linewidth of resonance
fluorescence peaks [4], were predicted. Some of these
features persist when the more realistic non-minimum-
uncertainty state of thermal squeezed light is considered
[5]. Recently it has also been shown that the error in-
duced in coherent control of atoms by quantum fluctu-
ations and light-atom entanglement may be either sup-
pressed or enhanced when a squeezed light pulse is used
for such control [6]. However, a challenging limitation on
the observability of most of these phenomena is the rather
poor spatial overlap between the dipole radiation pattern
of the atom and available paraxial sources of squeezed
light. For this reason, atomic interaction with squeezed
light in a cavity has been considered [7].
A completely different approach towards observing
such phenomena involves emulating the interaction of
atoms with squeezed light, while the atom actually in-
teracts with a reservoir in a thermal or vacuum state.
This may be achieved by controlling accessible param-
eters of the atomic system without affecting the state
of the inaccessible reservoir, thereby creating an effec-
tively squeezed reservoir. For example, in [8] two states
of a laser-driven four-level-atom are shown to be coupled
to an effectively squeezed reservoir whose properties are
determined by the laser parameters. More proposals us-
ing multilevel atoms can be found in [9–11]. In [12] it
is shown that when a TLA is driven by a strong classi-
cal field, while coupled to a thermal reservoir, it may be
viewed as coupled to an effectively squeezed reservoir, as
long as the Rabi frequency of the driving field is not too
small compared to the spectral width of the reservoir.
Here we show that modulations of the level-spacing of a
TLA coupled to a thermal reservoir can lead to the same
effect as its coupling to a squeezed reservoir. The key
principle of our approach, that allows for effective squeez-
ing, is the breakdown of the rotating-wave-approximation
(RWA) of the field-atom interaction, resulting in an inter-
action similar to that obtained for a squeezed reservoir.
The RWA implies neglecting the counter-rotating terms
in the system-reservoir coupling that oscillate at least as
fast as the level-spacing frequency, ωa, and is valid for
times much larger than ω−1a [13]. However, at shorter
times, the counter-rotating terms are responsible for the
appearance of terms characteristic of a squeezed reservoir
in the master equation of the system, although it is cou-
pled to a thermal, non-squeezed, reservoir, as was shown
in [14] for quantum Brownian motion (conversely, when
adopting the RWA but considering the interaction with a
squeezed field mode, the effect of squeezing is reminiscent
of the existence of counter-rotating terms [6]). The ques-
tion is whether modulation of the level-spacing can help
preserve the counter-rotating terms even at times much
longer than ω−1a and thus lead to coupling to an effec-
tively squeezed reservoir. Such modulations have been
extensively studied for both short, non-Markovian, time
scales and long, Markovian, ones, and shown to dras-
tically modify atomic decay [15], decoherence [16] and
thermodynamics [17], through either Zeno-like suppres-
sion of the coupling to the reservoir or anti-Zeno-like en-
hancement.
We find that when the level-spacing modulations of
a TLA that is coupled to a thermal reservoir, are suffi-
ciently fast and strong to break the RWA, the practically
achievable degree of squeezing does not exceed that of a
”classically squeezed state” [1], namely, a state wherein
the effective squeezing parameter of the reservoir, M , and
its effective mode occupation at ωa, N , satisfy |M | ≤ N .
In such a state the quadrature noise of the reservoir can-
not be less than that of the vacuum [1, 18]. Emulating
quantum squeezing, so that N < |M | ≤√N(N + 1) [1],
is possible, in principle, by this method, but rather im-
practical using present-day technology. In order to pre-
serve the counter-rotating terms at long times, i.e. make
them non-oscillatory in time, the required modulation
strength and frequency is found to be of the order of
ωa, which makes this scheme suitable for the microwave
regime rather than the optical one.
The paper is organized as follows. In Sec. II we
provide simple arguments that explain the relation be-
tween counter-rotating terms and effective squeezing, and
the effect of modulations. Sec. III is devoted to the
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2derivation of a generalized non-Markovian master equa-
tion (ME) for a TLA in a thermal reservoir, in the pres-
ence of level-spacing modulations and without invoking
the RWA. It contains our main general result, presented
in Eqs. (19,20), i.e. the emergence of effective squeezing
terms in the ME for the system density operator. The
general analysis is illustrated in Sec. IV, for the case
of an atom coupled to a cavity with a Lorentzian spec-
trum. In Sec. V we discuss the analytically solvable ex-
ample of sinusoidal modulation and explicitly derive the
corresponding squeezing parameter. Sec. VI includes a
discussion of possible observable effects, such as atomic-
dipole dephasing and fluorescence, in the context of our
modulation scheme. Finally, Sec. VII presents relevant
experimental considerations and an example of a possi-
ble Rydberg-atom realization of such effects. The con-
clusions are presented in Sec. VIII.
II. WHY COUNTER-ROTATING TERMS
INDUCE EFFECTIVE SQUEEZING
In this section we wish to explain, in simple terms, our
main idea for engineering an effectively squeezed ther-
mal reservoir. We begin by considering the interaction
between a TLA with energy ~ωa and a broadband elec-
tromagnetic field with resonant carrier frequency ωa,
H = ~d (σˆ+ + σˆ−)
(
Eˆe−iωat + Eˆ†eiωat
)
, (1)
where Eˆ is the positive-frequency envelope of the field, d
is the dipole matrix element and σˆ± are the TLA opera-
tors. In the interaction picture we obtain
HI = ~d
(
σˆ+Eˆ + σˆ−Eˆ† + σˆ+Eˆ†ei2ωat + σˆ−Eˆe−i2ωat
)
,
(2)
where Eˆ(t) is time-dependent. The last two terms are
usually neglected for times t ω−1a in the RWA. Without
invoking the RWA, this Hamiltonian can be written in the
form,
HI = ~
(
σˆ+Fˆ + σˆ−Fˆ †
)
Fˆ (t) = d
[
Eˆ(t) + Eˆ†(t)ei2ωat
]
, (3)
where Fˆ (t) may be recognized as a Langevin-like force,
due to the reservoir, acting on the atomic-dipole. In the
Markov approximation, the Langevin force is assumed
delta-correlated in time, hence the normal and anomalous
correlations of the force then determine the parameters
M and N , respectively, as follows:
〈Fˆ †(t)Fˆ (t+ τ)〉 = γNδ(τ),
〈Fˆ (t)Fˆ (t+ τ)〉 = γMδ(τ), (4)
where γ is the decay rate of the TLA population due to
the reservoir. Let us now compare the origin of M and
N in the cases of (a) a real squeezed reservoir with RWA,
(b) thermal reservoir without RWA and (c) the case of
modulations.
Case a: squeezed reservoir + RWA.— assume that the
broadband field Eˆ(t) has squeezed field correlations, i.e.
〈Eˆ(t)Eˆ†(t+ τ)〉 = (n+ 1)δ(τ),
〈Eˆ†(t)Eˆ(t+ τ)〉 = nδ(τ),
〈Eˆ(t)Eˆ(t+ τ)〉 = mδ(τ). (5)
By taking the RWA in Eq. (3) we recognize that Fˆ = dEˆ,
and comparing Eq. (4) to Eq. (5) we obtain M = d2m/γ,
N = d2n/γ, i.e. the effective reservoir, Fˆ , is squeezed
(M 6= 0) since the ”real” reservoir, Eˆ, is squeezed (m 6=
0).
Case b: thermal reservoir without RWA.— consider
now that the broadband field Eˆ(t) is thermal, namely it
has only normal correlations, n 6= 0 andm = 0 in Eq. (5).
However, if we assume that the relevant timescales we are
interested in satisfy t ω−1a , then we may set ei2ωat ≈ 1
in Eq. (3) and the effective Langevin force becomes Fˆ =
d(Eˆ + Eˆ†). Plugging this force into Eq. (4) and using
Eq. (5) with m = 0, yields M = N = d2(2n + 1)/γ.
This shows that (1) the system is effectively coupled to
a squeezed reservoir due to the existence of the counter-
rotating terms, and (2) the achievable squeezing by solely
breaking the RWA is that of a ”classical squeezed state”,
i.e. the magnitude of the anomalous correlation M does
not exceed the normal correlation N .
Case c: thermal reservoir + modulation, for long
times.— here we take again a thermal reservoir, n 6= 0
and m = 0, and take the long-time limit t  ω−1a only
when modulations are considered. The modulated TLA
Hamiltonian is taken to be
HA(t) =
1
2
~σˆz [ωa + δ(t)] . (6)
Then, in the interaction picture σˆ−,I(t) = σˆ−e−iωatε∗(t),
with
ε(t) = ei
∫ t
0
dt′δ(t′) =
∑
q
εqe
iνqt, (7)
where we assumed that ε(t) can be written as a Fourier
series, and let us take its period to be 2pi/ωa, i.e. νq =
qωa with integer q. The Langevin force, Eq. (3), be-
comes,
Fˆ (t) =
∑
q
εqd
[
Eˆ(t)eiqωat + Eˆ†(t)ei(2+q)ωat
]
. (8)
From the above equation it is evident that in order to ob-
tain squeezing similar to that in case b, it is sufficient that
the terms q = 0 and q = −2 exist. Then, at long times
t  ω−1a , at which the oscillatory terms ei2ωat vanish,
we obtain Fˆ (t) ≈ d(ε0Eˆ + ε−2Eˆ), with M = ε0ε−2(2n+
1)(d2/γ) and N = [|ε0|2n + |ε−2|2(n + 1)](d2/γ). For
3|ε0| = |ε−2| we recover case b where classical squeez-
ing is achievable. Quantum squeezing however, namely
|M | > N , is practically more difficult to obtain, though
possible in principle, as explained in Appendix A. At this
point it also becomes clearer why strong and fast modula-
tion δ(t) is required: the existence of squeezing is enabled
by the q = −2 term with frequency−2ωa. Then
∫
dt′δ(t′)
has to contain a frequency of order ωa, e.g. sin(ωat), such
that the derivative δ(t) includes a term with magnitude
and frequency ωa, e.g. ωa cos(ωat). This summarizes our
basic idea of how to create an effective squeezed reservoir
by system energy-modulation.
III. GENERALIZED MASTER EQUATION
To provide a more rigorous account of such effects,
we derive a master equation (ME) for the TLA density
operator, in the presence of electromagnetic field modes
in a thermal state, when the TLA level-spacing undergoes
modulations. The system+reservoir Hamiltonian reads,
H(t) = HA(t) +HF +HAF ,
HF =
∑
k
~ωkaˆ†kaˆk,
HAF =
∑
k
~gk(σˆ− + σˆ+)(aˆ†k + aˆk), (9)
where k are indices of different field modes with corre-
sponding destruction operators aˆk, frequencies ωk and
dipole couplings gk, and HA is the one in Eq. (6). In the
interaction picture with respect to HA +HF , the Hamil-
tonian becomes
HI(t) = ~
[
σˆ−Fˆ †a (t)ε
∗(t) + σˆ−F˜aε∗(t) + h.c.
]
,
Fˆa(t) =
∑
k
gkaˆke
−i(ωk−ωa),
F˜a(t) =
∑
k
gkaˆke
−i(ωk+ωa), (10)
with ε(t) from Eq. (7). Note that the tilded operators
F˜a(t), F˜
†
a (t) are the ones that are neglected in the RWA
without modulation. In the Born approximation, namely,
when neglecting the system-reservoir correlations, the
ME for the TLA density operator ρ is [19],
ρ˙(t) = − 1
~2
∫ t
0
dt′trF ([HI(t), [HI(t′), ρ(t′)ρF ]]) , (11)
where ρF is the stationary density operator of the reser-
voir (the field). The double commutator inside the trace
over field degrees of freedom contains four terms,
HI(t)HI(t
′)ρ(t′)ρF −HI(t)ρ(t′)ρFHI(t′)
−HI(t′)ρ(t′)ρFHI(t) + ρ(t′)ρFHI(t′)HI(t), (12)
each of which contains 16 terms. In order to illustrate the
main points of the derivation, let us focus on the second
term in (12), and, more specifically, on three representa-
tive terms out of its 16 terms
σˆ+ρ(t
′)σˆ−Fˆa(t)ρF Fˆ †a (t
′)ε(t)ε∗(t′),
σˆ+ρ(t
′)σˆ+Fˆa(t)ρF Fˆa(t′)ε(t)ε(t′),
σˆ+ρ(t
′)σˆ+F˜ †a (t)ρF Fˆa(t
′)ε(t)ε(t′). (13)
The first two terms do not contain tilded operators, so
they exist also in the RWA without modulations. When
the trace over the field is taken, it can be seen that the
first term includes the normal correlator 〈Fˆ †a (t′)Fˆa(t)〉 =
trF (Fˆ
†
a (t
′)Fˆa(t)ρF ), which exists for a thermal reservoir.
This term contributes to the σˆ+ρσˆ− term in the ME,
typical of a thermal reservoir [18, 19]. The second term
involves the anomalous correlator 〈Fˆa(t′)Fˆa(t)〉 which ex-
ists only for a squeezed reservoir and contributes to the
squeezing term σˆ+ρσˆ+ in the ME [18]. However, in our
case we assume a thermal, non-squeezed, reservoir, and
this correlator vanishes, so that indeed, for RWA terms,
no squeezing is expected when a thermal reservoir is con-
sidered. The third term in (13) is the most interesting
for our purposes. It does not exist in the RWA as it con-
tains a tilded operator, yet, if the modulations preserve
it at long times, it contributes to the squeezing terms of
the ME, σˆ+ρσˆ+. We calculate its associated correlator
〈Fˆa(t′)F˜ †a (t)〉 using Eq. (10),
〈Fˆa(t′)F˜ †a (t)〉 =
∑
k
∑
k′
gkg
∗
k′e
−i(ωk−ωa)t′ei(ω
′
k+ωa)t〈aˆkaˆ†k′〉
= ei2ωat
∑
k
|gk|2e−i(ωk+ωa)(t−t′)(nk + 1)
= ei2ωat
∫
dωD(ω)|g(ω)|2e−i(ω+ωa)(t−t′)[n(ω) + 1]. (14)
Here we used 〈aˆ†kaˆk′〉 = δkk′nk for a thermal state of the
field, where nk is the Planck distribution for frequency
ωk, and we defined the density of field modes by
∑
k →∫
dωD(ω). We further define the coupling spectrum of
the reservoir,
G0(ω) = D(ω)|g(ω)|2. (15)
Reexamining the expressions in (13) and the ME (11),
we need to multiply this correlator by the modulation
functions and integrate over time,
ei2ωatε(t)
∫ t
0
dt′ε(t′)
∫
dωG0(ω)[1 + n(ω)]e
−i(ω+ωa)(t−t′)
=
∑
q
∑
q′
εqεq′e
i(νq+νq′+2ωa)t ×
∫
dωG0(ω)[1 + n(ω)]
∫ t
0
dt′e−i(ω+ωa+νq)(t−t
′), (16)
where the definition of ε(t) from (7) was used. Here ρ(t′)
was taken out of the integral by assuming that t is much
shorter than the typical timescale for changes in the sys-
tem, i.e. ρ(t′) ≈ ρ(t). In cases considered later, when the
4Markov approximation is taken and the resulting ME has
time-independent coefficients, we may view this short t
as a coarse-graining time and the validity of the ME is
then extended to long times [13]. In Appendix B we show
that the term in (16) can be written as∑
q
∑
q′
εqεq′e
i(νq+νq′+2ωa)t ×
∫
dωδt(ω)
[
1
2
γn(ω − ωa − νq)− i∆n(ω − ωa − νq)
]
,
(17)
where δt(ω) = t
sin(ωt)
ωt is a sinc function that approaches
a delta function as t gets larger, and
γn(ω) = 2piG0(ω)[1 + n(ω)],
∆n(ω) = P
∫ ∞
−∞
dω′
G0(ω
′)[1 + n(ω′)]
ω′ − ω , (18)
with P denoting the principal value. Repeating the pro-
cedure shown in Eqs. (14,16,17) for all terms of Eqs.
(11,12), we find the following generalized non-Markovian
ME,
ρ˙ = −i[ 1
2
∆σˆz, ρ] +
γ
2
N [2σˆ+ρσˆ− − ρσˆ−σˆ+ − σˆ−σˆ+ρ]
+
γ
2
(N + 1)[2σˆ−ρσˆ+ − ρσˆ+σˆ− − σˆ+σˆ−ρ]
− γMσˆ+ρσˆ+ − γM∗σˆ−ρσˆ−. (19)
The first term of the ME is a Hamiltonian term contain-
ing the TLA energy correction ~∆, and would not be of
interest in the following. The second and third terms
describe absorption and emission from and to the pho-
ton field, respectively, typical of damping by a thermal
reservoir, where γ is the decay rate and N the reservoir
population.
The last two terms, which are the most interesting for
our discussion, appear to be squeezed-reservoir damp-
ing terms. Although we assumed a thermal reservoir,
they exist due to the modulation. The ME coefficients,
∆, γ,N are real (whereas M is complex) and are gener-
ally time-dependent and affected by modulation:
∆ =
∑
qq′
1
2
[
εqε
∗
q′e
i(νq−νq′ )t + ε∗qεq′e
−i(νq−νq′ )t
] ∫ ∞
−∞
dωδt(ω) [∆T (ω + ωa + νq)−∆T (ω − ωa − νq)]
−i
∑
qq′
1
2
[
εqε
∗
q′e
i(νq−νq′ )t − ε∗qεq′e−i(νq−νq′ )t
] ∫ ∞
−∞
dωδt(ω)
1
2
[γT (ω + ωa + νq) + γT (ω − ωa − νq)] ,
γN =
∑
qq′
[
εqε
∗
q′e
i(νq−νq′ )t + ε∗qεq′e
−i(νq−νq′ )t
] ∫ ∞
−∞
dωδt(ω)
1
2
γT (ω − ωa − νq)
−i
[
εqε
∗
q′e
i(νq−νq′ )t − ε∗qεq′e−i(νq−νq′ )t
] ∫ ∞
−∞
dωδt(ω)∆T (ω − ωa − νq),
γ(N + 1) =
∑
qq′
[
εqε
∗
q′e
i(νq−νq′ )t + ε∗qεq′e
−i(νq−νq′ )t
] ∫ ∞
−∞
dωδt(ω)
1
2
γT (ω + ωa + νq)
+i
[
εqε
∗
q′e
i(νq−νq′ )t − ε∗qεq′e−i(νq−νq′ )t
] ∫ ∞
−∞
dωδt(ω)∆T (ω + ωa + νq),
γM =
∑
qq′
εqεq′e
i(νq+νq′+2ωa)t
∫ ∞
−∞
dωδt(ω)[
1
2
γT (ω + ωa + νq) +
1
2
γT (ω − ωa − νq)
+i∆T (ω + ωa + νq)− i∆T (ω − ωa − νq)],
(20)
where we used the temperature-dependent response of
the reservoir
γT (ω) = 2piGT (ω),
∆T (ω) = P
∫ ∞
−∞
dω′
GT (ω
′)
ω′ − ω ,
GT (ω) = G0(ω)[1 + n(ω)] +G0(−ω)n(−ω). (21)
The effect of the modulation is clear from Eq. (20). At
long times, when δt(ω) is treated as Dirac delta, the mod-
ulation enables a scan through the frequency response of
the reservoir γT (ω) + i∆T (ω) and thus change the effec-
tive coupling to it. This was also concluded in [16], where
modulations were shown to be useful for decoherence con-
trol. As for the squeezing, γM , let us first consider it
without modulation, i.e. when ε0 = 1, ν0 = 0, εq 6=0 = 0.
Then γM is fast-oscillating and negligible for t  ω−1a ,
5as it should in the RWA. However, by choosing the right
modulation frequencies νq this term may become impor-
tant at long times as well, as was explained in Sec. II
above.
The above ME may be viewed as a generalization of
previous treatments [15, 16]: (1) here the principal-value
terms ∆T (ωa + νq) are not neglected, and can in fact
become important for reservoir spectra GT (ω) which are
asymmetric around ωa + νq. (2) The ME is written in
operator from, rather than as a Bloch-equation for the
TLA density matrix elements, which makes it easy to
generalize to other systems, e.g. an harmonic oscillator
(see Sec. VIII).
IV. LORENTZIAN RESERVOIR: ATOM IN A
CAVITY
Up to this point we have not specified what are the
field modes which make up the reservoir. Let us now
consider an atom in a resonant cavity in the ”bad-cavity”
limit. The interaction of the atom with a cavity-mode
with envelope a˜ can be written in the interaction picture
as
HI = ~g[a˜(t)e−iωat + a˜†(t)eiωat](σˆ+eiωat + σˆ−e−iωat),
(22)
with dipolar coupling g, so that the Langevin force acting
on the atom in analogy with Eq. (10) is Fˆa = ga˜(t).
The cavity-mode is damped by the coupling to outside
modes and its correlation functions decay exponentially
(see Appendix C for details),
〈a˜(t)a˜†(t+ τ)〉 = (na + 1)e−κ2 |τ |
〈a˜†(t)a˜(t+ τ)〉 = nae−κ2 |τ |, (23)
where na = n(ωa) and κ is the width of the cavity-mode
due to the coupling to outside modes, assumed here to
satisfy κ  g (bad-cavity limit) and κ  ωa (see Ap-
pendix C).
A. Lorentzian response
From the Fourier transform of the correlation func-
tions above we can deduce the Lorentzian spectrum of
the cavity-mode, which makes up the reservoir for the
atom,
G0(ω)[n(ω) + 1] → g2(na + 1) κ
(κ2 )
2 + (ω − ωa)2 ,
G0(ω)n(ω) → g2na κ
(κ2 )
2 + (ω − ωa)2 . (24)
FIG. 1: (color online). Temperature dependent response of
the cavity reservoir, γT (ω) (blue solid line) and ∆T (ω) (red
dashed line), Eq. (25). Here γc is the atomic decay rate to the
cavity reservoir in the absence of modulation, and ωa = 10κ
is taken.
Using this spectrum in Eq. (21) we find the temperature-
dependent response of the reservoir
γT (ω) = γc
[
(na + 1)
1
1 + 4(ω−ωaκ )
2
+ na
1
1 + 4(ω+ωaκ )
2
]
,
∆T (ω) = γc
[
(na + 1)
κ2(ωa − ω)
4(ωa − ω)2κ+ κ2
−na κ
2(ωa + ω)
4(ωa + ω)2κ+ κ2
]
,
γc ≡ 2piG0(ωa) = 2pi 4g
2
κ
, (25)
where γc is the TLA damping rate to the cavity reservoir
without modulation. The real and imaginary response
functions obey the Kramers-Kronig relation and are plot-
ted in Fig. 1.
B. Long-time approximation
Going back to Eq. (20) for the ME coefficients, we
recall that the sinc function δt(ω) is of width 1/t. The
typical scale of variations of the response functions (25)
is κ, so by assuming t  κ−1 we may take δt(ω) ≈ δ(ω)
in the integrals over the response functions. This is the
well-known Markov approximation, which means that we
coarse-grain over timescales of the order κ−1, such that
all the observed phenomena should be slower. Moreover,
we are also interested in timescales much longer than
ω−1a , as in the RWA. In Sec. II we saw that in order to
obtain effective reservoir squeezing for t ω−1a , the mod-
ulation frequencies νq should be at least of the order ωa.
This means that we should keep only the non-oscillatory
terms in the ME coefficients, i.e. νq = νq′ in γN, γ(N+1)
and νq + νq′ + 2ωa = 0 in γM . To sum up, taking the
approximation t  κ−1, ω−1a , we obtain for these ME
6coefficients,
γN ≈
∑
q
|εq|2γT (−ωa − νq),
γ(N + 1) ≈
∑
q
|εq|2γT (ωa + νq),
γM ≈
∑˜
qq′
εqεq′e
i(νq+νq′+2ωa)t ×
[
1
2
γT (ωa + νq) +
1
2
γT (−ωa − νq)
+i∆T (ωa + νq)− i∆T (−ωa − νq)],
(26)
where
∑˜
qq′ denotes the sum with the constraint νq +
νq′ + 2ωa = 0. Here the above coefficients are time-
independent and the ME, Eq. (19), becomes a Markovian
ME of a system damped by an effective thermal squeezed
reservoir, which is valid at long times.
V. SINUSOIDAL MODULATION
In order to illustrate our scheme for engineering an
effective squeezed reservoir for the TLA, let us take the
analytically solvable example of a sinusoidal modulation
of the TLA level spacing,
δ(t) = zmωa[1− sin(mωat)], (27)
where z and m are positive parameters. Introducing the
above modulation in Eq. (7), and using the identity
eiz cosφ =
∑∞
q=−∞ i
qJq(z)e
iqφ with integer q, we obtain
εq = e
−iziqJq(z),
νq = (z + q)mωa. (28)
The constraint νq + νq′ + 2ωa = 0 imposed on the γM
term in the long-time approximation now becomes q′ =
−(2/m)− 2z − q, and since q′, q are integers, we get the
following constraints on the parameters z and m,
z =
integer
2
; m =
2
integer
. (29)
The expressions for the coefficients from Eq. (26) now
become,
γN ≈
∞∑
q=−∞
J2q (z)γT (−ωa[1 +mz +mq]),
γ(N + 1) ≈
∞∑
q=−∞
J2q (z)γT (ωa[1 +mz +mq]),
γM ≈
∞∑
q=−∞
e−i2z(−1) 1m+zJq(z)J−q−2z− 2m (z)×
[
1
2
γT (ωa[1 +mz +mq]) +
1
2
γT (−ωa[1 +mz +mq])
+i∆T (ωa[1 +mz +mq])− i∆T (−ωa[1 +mz +mq])].
(30)
FIG. 2: (color online). Effective reservoir squeezing γ|M | as
a function of modulation parameters z and m, Eqs. (27,29).
Taking ωa = 10κ and na = 10
3 in Eqs. (25,30), the difference
between N and M is plotted in (a), (b) and (c) and apparently
cannot go lower than the ”classical squeezing” bound |M | ≤
N , as argued in Sec. II. (a) m=2, (b) m=1, (c) z=1. (d) The
ratio |M |/(N + 0.5), that determines the difference between
the two atomic-dipole quadrature dephasing rates, is plotted
for m = 2.
Considering the Lorentzian reservoir from (25) with ωa =
10κ and na = 10
3, let us choose for example z = 1 and
m = 2. It is enough to take q from −20 to 20 in order for
the sums in Eq. (30) to converge, and we obtain, γN =
207.49γc, γ(N + 1) = 207.67γc, γM = (92.08− i42.14)γc
and |γM | = 101.26γc. This demonstrates an appreciable
effect due to modulations, as |M | becomes about half of
N . On the other hand, we also verified that for z = 0 we
return to the RWA results without modulation, namely,
γN = γcna, γ(N + 1) = γc(na + 1) and γM = 0. In
Fig. 2 we plot, with the same ωa, na and as a func-
tion of the parameters z and m, the difference between
γ|M | and γN . This quantity determines the increase
of the atomic-dipole dephasing rate and broadening of
the fluorescence line shape, as discussed in Sec. VI be-
low. As this difference becomes smaller, the increase
and broadening become smaller compared to the non-
squeezed reservoir case. Figs. 2a and 2b present this
quantity as a function of z for fixed m values, m = 2
and m = 1 respectively, whereas in Fig. 2c it is plotted
as a function of m for z = 1. It appears that m = 2 is
optimal, and in the range of z values considered, z = 9.5
provides the smallest result, γN − γ|M | = 0.128γc with
γN = 0.683γc. This suggests that indeed |M | does not
exceed N , i.e. we get ”classical squeezing” by breaking
the RWA, as argued in Sec. II.
VI. POSSIBLE OBSERVABLE EFFECTS
In this section we wish to describe possible observable
manifestations of the effect of modulations and effective
7squeezing. These include two distinct dephasing rates
of the atomic-dipole quadratures, fluorescence and reso-
nance fluorescence.
A. Atomic dipole dephasing
From the master equation (ME), Eq. (19), we ob-
tain the equations of motion for expectation values of
the atomic operators,
〈 ˙ˆσ+〉 = −γ
(
N +
1
2
)
〈σˆ+〉 − γM∗〈σˆ−〉,
〈 ˙ˆσz〉 = −γ (2N + 1) 〈σˆz〉 − γ, (31)
and 〈 ˙ˆσ−〉 = 〈 ˙ˆσ+〉∗. Denoting M = |M |ei2ϕ, we use the
squeezing phase ϕ to define the atomic-dipole quadra-
tures as σˆx = e
iϕσˆ+ + e
−iϕσˆ− and σˆy = −ieiϕσˆ+ +
ie−iϕσˆ−, and obtain
〈 ˙ˆσx〉 = −γ
(
N − |M |+ 1
2
)
〈σˆx〉 ≡ −γx〈σˆx〉,
〈 ˙ˆσy〉 = −γ
(
N + |M |+ 1
2
)
〈σˆy〉 ≡ −γy〈σˆy〉. (32)
The above result, shown previously by Gardiner [3],
reveals that the two different quadratures may decay
with very different rates when the reservoir is squeezed,
|M | 6= 0. In our case, |M | does not exceed N , so that the
slower rate γx is bounded by the vacuum rate γ/2. Note
that the effect of modulation on the quadratures’ dynam-
ics is twofold: not only does it induce squeezing and hence
two distinct decay rates, but it may also change N and γ
from their thermal-reservoir values without modulation,
na and γc respectively. In cases where the dynamics can
be measured, they may reveal both effects in the most di-
rect way. Fig. 2d portraits the ratio γ|M ||γ(N+0.5) for m = 2
and as a function of z. As can be seen in Eq. (32), this
ratio determines the difference between the two decay
rates. For instance, when z = 1 we obtain γx = 106γc,
γy = 309γc, whereas for z = 3 we get γx = 32, γy = 195,
and the corresponding ratios for these z = 1, 3 cases are
γ|M ||
γ(N+0.5) = 0.49, 0.72.
B. Atom fluorescence
Making use of Eq. (32) and the quantum regres-
sion theorem [19], it is easy to obtain the correlation
function C(t) and the corresponding spectrum S(ω) =
1
pi
∫∞
−∞ dte
−iωtC(t) for the atom in steady state,
C(t) = 〈σˆ+(0)σˆ−(t)〉 = 1
2
N
2N + 1
[
e−γx|t| + e−γy|t|
]
,
S(ω) =
1
pi
N
2N + 1
[
γx
γ2x + ω
2
+
γy
γ2y + ω
2
]
, (33)
FIG. 3: (color online). Atom fluorescence spectrum, Eq. (33),
for modulation parameters z = 3,m = 2, and with ωa = 10κ,
na = 10
3. (a) the spectrum under the influence of modulation
(blue solid line) is compared to that in the absence of mod-
ulation (red dashed line, multiplied here by factor 5). The
modulated case has a much narrower spectrum. (b) the spec-
trum in the modulated case (blue solid line) compared with a
Lorentzian of width γ(N + 0.5) (red dashed line). It is appar-
ent that the shape of the spectrum in the modulated case is
not that of a single Lorentzian, as indeed can be seen in Eq.
(33).
where ω here is shifted by ωa, i.e. the spectrum is actually
centered around ωa. This spectrum is proportional to
that of the fluorescent light emitted by the atom and
it reveals both effects of the modulation. First of all,
even if squeezing was absent and the spectrum would
still be a Lorentzian of width γ(N +0.5), the modulation
changes it from the unmodulated thermal value, (na +
0.5)γc = 1000.5γc. Perhaps the more interesting effect
however, is that of squeezing [3], namely the spectrum is
actually not a single Lorentzian, rather it is a sum of two
Lorentzians with different widths γx and γy. As in the
dipole dephasing case, the effect becomes more apparent
as the two widths become more distinct. In Fig. 3 we
present, for the case m = 2, z = 3, the comparison of the
fluorescence spectrum with and without modulation. We
also show the non-Lorentzian shape of the spectrum by
comparing it to a Lorentzian of width γ(N + 0.5) in the
same case.
8C. Resonance fluorescence
The resonance fluorescence spectrum of an atom in a
squeezed reservoir was treated in [4] and extended to the
case of a thermal squeezed reservoir in [5]. The atom
is driven by a resonant strong (classical) field with Rabi
frequency Ωeiθ, and the resulting fluorescence spectrum
is given by [1, 5],
S(ω) ∝ γφ
(ω − ωa)2 + γφ2
+
[
Γφ
(ω − ωa + Ω)2 + Γφ2 +
Γφ
(ω − ωa − Ω)2 + Γφ2
]
,
γφ = γ
(
N + |M | cosφ+ 1
2
)
,
Γφ =
3
2
γ
(
N − 1
3
|M | cosφ+ 1
2
)
, (34)
with φ = 2(θ − ϕ). The spectrum is comprised of the
three well known Lorentzian peaks centered at ωa and
ωa±Ω [20], but here it is modified by squeezing. In fact,
we obtain a phase-dependent phenomenon, namely the
widths of the fluorescence peaks, γφ and Γφ, change when
the phase of the strong field is varied. The phase depen-
dence is only due to squeezing and provides a very good
evidence of the effective squeezing induced by the modu-
lation. In Fig. 4 we plot the central peak of the spectrum,
a Lorentzian of width γφ, for z = 1, 3 and different values
of φ. Taking the case z = 1 for example, and beginning
with φ = pi/2, |M | cosφ = 0 and the only effect of the
modulation is the modification of the reservoir modes
occupancy N with respect to the thermal one na. This
results in a narrower peak, γφ = γ(N + 0.5) = 208γc in-
stead of 1000.5γc without modulation. When φ is varied
to 0, γφ gets a positive contribution from the squeezing
term |M | cosφ = |M | and as a result the peak broadens
to γφ = γy = 309γc. The narrowest peak is obtained for
φ = pi for which γφ = γx = 106γc.
VII. EXPERIMENTAL CONSIDERATIONS
We need to find a dipole transition, whose resonant en-
ergy ωa can be controlled such that the two levels are still
well separated from others. Moreover, in the sinusoidal
modulation considered in Sec. V, the amplitude and fre-
quency must exceed ωa. This leads us to consider two
almost degenerate states whose energy splitting may be
controlled by oscillating fields in the microwave regime.
Since the effects discussed here involve coupling to radi-
ation, it is also preferable that the dipole moment of the
transition be large, as for Rydberg levels.
Let us now discuss the timescale of the above phe-
nomena. Both the dipole dynamics and the fluorescence
spectral widths are appreciable for t > γ−1x , γ
−1
y . The
two rates γx,y become distinct when there is squeezing,
and in the cases discussed here, are of the order of 0.1γT
FIG. 4: (color online). Resonance fluorescence spectrum un-
der the influence of modulation and effective squeezing, as a
function of the relative driving field phase φ, for φ = pi (blue
solid line), φ = pi/2 (red dashed line) and φ = 0 (black dotted
line). The modulation parameters are: (a) z = 1,m = 2, and
(b) z = 3,m = 2. As in Figs. 2 and 3, ωa = 10κ and na = 10
3
are taken.
to γT , with γT ≡ γcna ≈ γcT/(~ωa), where T is the
photon-reservoir temperature in energy units, and γT is
the corresponding width without modulation. Hence, we
wish to observe phenomena at times t > γ−1T .
Recalling the atomic damping in the cavity, γc from
Eq. (25), we have γT = 2pi
4g2
κ
T
~ωa , with g = d
√
ωa
20~V .
Here d is the dipole matrix element of the TLA transition
and V ∼ λ3a is the cavity mode volume, taken here to be
of the order of the transition wavelength cubed. We thus
obtain
γT ≈ 3
2pi
γ0
T
~κ
, (35)
where γ0 =
d2ω3a
3pi0~c3 is the atomic transition spontaneous
emission rate in free space. The above expression shows
that the considered effects grow with the temperature
divided by the cavity linewidth, so that high temper-
atures and narrow-linewidth cavities (still in the bad-
cavity limit) are preferable.
Finally, let us recall the conditions of validity for some
of the approximations taken in our analysis. The deriva-
tion of the reservoir spectrum in the bad-cavity limit re-
9quires ωa  κ and κ g, γ0. The long-time limit in Sec.
IV B is valid for t  κ−1, i.e. in our case we demand
γT  κ.
Example: Rydberg levels.— Consider the circular Ry-
dberg level |e〉 = |n = 51, l = 50,m = 50〉. By dipole
selection rules, it can only decay to the lower circular
level |s〉 = |n = 50, l = 49,m = 49〉 or to the almost
degenerate level |g〉 = |n = 51, l = 49,m = 49〉. We
choose |e〉 and |g〉 as our excited and ground states, re-
spectively, and by a static magnetic field can induce an
energy (frequency) shift, of say, 1GHz (the s↔ e transi-
tion frequency is 51.1GHz). Another magnetic field, this
time RF, is used for the modulation. It oscillates at a
frequency of 2GHz and is strong enough to induce an en-
ergy shift of a few GHz. For example, a scheme for atom
fluorescence may consist of first preparing the atom in
state |e〉, then applying modulations and measuring the
fluorescence spectrum. Since the atom may also decay
to the lower circular state |s〉, the spectrum may have an
additional peak at 51GHz, but the interesting peak for
our purposes is the one at ωa/(2pi) = 1GHz.
To evaluate the typical timescale of such an exper-
iment, we calculated the dipole matrix element of the
above g ↔ e transition by assuming that for such high
n numbers the electronic wavefunctions are hydrogenic
(see Appendix D). This is such, since in these large n’s
the last electron is far from the rest of the atom and ef-
fectively ”sees” a unit positive charge like the Hydrogen
nucleus. We obtained, e.g. for the x component of the
dipole, d = 382ea0, where e is the electron charge and
a0 the Bohr radius. The spontaneous emission rate of
the transition then becomes γ0 ∼ 1.1 × 10−5Hz, and by
taking κ = 2 × 105Hz, we obtain, at room temperature
T = 300K, γT ≈ 2162Hz. This means that the exper-
iment should last 0.4ms to 4ms. We also verified that
the conditions of validity mentioned above are satisfied.
The effect can be further enhanced by effectively increas-
ing the reservoir temperature by shining on the atom hot
thermal radiation, or the radiation from any other strong
incoherent source, which is wideband around ωa.
VIII. CONCLUSIONS
This study used the apparent equivalence between
counter-rotating terms in the reservoir-atom interaction
and the relaxation of an atom coupled to a squeezed
reservoir, to show how to engineer a thermal-reservoir
so that it emulates a squeezed-reservoir. The key point
that allows us to achieve this goal is the breaking of the
rotating-wave approximation even at long times, by fast
and strong system energy-modulation. To this end, we
derived a general master equation, without invoking the
Markov and rotating-wave approximations, so as to ren-
der the effect of modulation in clear form. The master
equation assumes a two-level system, yet, it is easily gen-
eralized to any system-reservoir interaction of the form
XˆFˆ , where Xˆ is a system operator with matrix elements
between different energy states of the system and Fˆ is a
reservoir operator with a continuous spectrum: e.g., for
a system of a harmonic oscillator with lowering opera-
tor aˆ, Xˆ = aˆ + aˆ†, and in the master equation σˆ−, σˆ+
are replaced by aˆ, aˆ† (with a modification for the en-
ergy correction term ∆). Extension of the treatment to
energy-level modulation in multilevel or multipartite sys-
tems described by large angular momenta [22] is expected
to yield qualitatively new features.
In order to illustrate our scheme for squeezed reservoir
engineering, we considered the case of an atom inside
a cavity, namely a Lorentzian reservoir, in the Markov
regime, and applied sinusoidal modulations. We dis-
cussed possible measurable effects in atomic-dipole de-
phasing and fluorescence, along with experimental con-
siderations and a possible realization of a system com-
prised of two atomic Rydberg levels.
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Appendix A: Emulating a quantum squeezed
reservoir
In Sec. II, we found the resulting effective reservoir
parameters M and N for case c, where modulations are
considered and only the ε0 and ε−2 terms exist. Looking
at their difference,
N − |M | ∝ (|ε0| − |ε−2|) [n(|ε0| − |ε−2|)− |ε−2|] , (A1)
we can see that quantum squeezing, i.e. |M | that satisfies
N < |M | < √N(N + 1), becomes largest for n = 0, i.e.
for zero temperature, when the original reservoir has no
thermal excitations. This is indeed what we observe for
the Lorentzian reservoir in Sec. IV and the modulation
from Sec. V. Taking na = 0, ωa = 10κ and modulation
parameters m = 2 and z = 1, nearly perfect quantum
squeezing of M = 0.983
√
N(N + 1) is achieved, with
γx = 0.053γc and γy = 0.154γc. The problem remains to
find a realization using present-day technology. As men-
tioned before, since fast and strong modulation is more
suitable for microwave frequencies, and since here we saw
that sufficiently low temperatures are needed for na  1,
it is natural to consider superconducting qubits in circuit
QED cavities [23]. Then for ωa = 2× 105κ = 2pi× 2GHz
and typical dipole matrix elements d = 104ea0 we find
γc ≈ 5.7KHz. The duration of the experiment is set by
γ−1x ≈ 3.28ms, which is incompatible with the super-
conducting qubit dephasing time which currently ranges
between 1µs and 10µs. Future technology may allow em-
ulating a quantum squeezed reservoir by the method de-
scribed in this paper. However at present this appears to
be very challenging.
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Appendix B: Note on the derivation of the master
equation
Here we would like to show how to get equation (17)
from Eq. (16). Beginning with the time integration over
t′ and denoting ν ≡ −ωa − νq, we change variables to
τ = t− t′ and get∫ t
0
dt′e−i(ω−ν)(t−t
′) =
∫ t
−t
dτΘ(τ)e−i(ω−ν)τ , (B1)
with Θ(x) the Heaviside step function. By contour inte-
gration one can obtain the relation,
Θ(τ)e−i(ω−ν)τ = − lim
η→0+
1
2pii
∫ ∞
−∞
dω′
e−iω
′τ
ω′ + iη − (ω − ν) .
(B2)
Inserting Eqs. (B1,B2) into the double integral in Eq.
(16) (denoted here I), we get
I =
∫ ∞
−∞
dω′
∫ t
−t
dτ
e−iω
′τ
2pii
lim
η→0+
∫ ∞
−∞
dω
−Gn(ω)
ω′ + iη − (ω − ν) ,
(B3)
with Gn(ω) = G0(ω)[n(ω) + 1]. Using the relation
lim
η→0+
−1
ω′ + iη − (ω − ν) = ipiδ(ω−(ω
′+ν))+P
1
ω − (ω′ + ν) ,
(B4)
where P denotes the principal value under integration,
and defining the sinc function 2piδt(ω
′) =
∫ t
−t dτe
−iω′τ ,
we finally obtain,
I =
∫ ∞
−∞
dω′δt(ω′)
[
iP
∫ ∞
−∞
dω
Gn(ω)
ω + (ω′ − ν) − piGn(ω
′ + ν)
]
.
(B5)
Noting Eq. (18), this is just the expression in Eq. (17)
with ω replaced by ω′.
Appendix C: The spectrum of a cavity reservoir
Our aim here is to derive the correlation functions in
Eq. (23), for a cavity-mode in the bad-cavity limit. We
begin with the model Hamiltonian H = HS +HR +HSR
where the system (HS) is the atom and cavity mode (aˆ),
the reservoir (HR) is the electromagnetic modes that the
cavity is leaking to (bˆj) and the perpendicular modes that
the atom decay to (rˆl), and their interaction is described
by HSR,
HS = ~ωaaˆ†aˆ+ 0.5~σˆzωa + ~g(aˆ+ aˆ†)(σˆ+ + σˆ−),
HR =
∑
j
~ωj bˆ†j bˆj +
∑
l
~ωlrˆ†l rˆl,
HSR = ~
∑
j
ηj(aˆ+ aˆ
†)(bˆj + bˆ
†
j)
+~
∑
l
gl(σˆ− + σˆ+)(rˆl + rˆ
†
l ). (C1)
By writing the Heisenberg equations for aˆ and bˆj and
inserting the later into the former we obtain an equation
for the envelope of the cavity mode a˜(t) = aˆ(t)eiωat,
˙˜a = −
∑
j
|ηj |2
∫ t
0
dt′a˜(t′)e−i(ωj−ωa)(t−t
′) + Fˆ (t)− igµˆ,
Fˆ (t) = −i
∑
j
ηj bˆj(0)e
−i(ωj−ωa)t, (C2)
where µˆ = σˆ+ + σˆ− and Fˆ is the Langevin force induced
on the cavity mode by the outside modes. As in stan-
dard Heisenberg-Langevin theory [21], we now take the
Markov approximation, i.e. we assume that the typi-
cal timescale of the cavity mode dynamics, dictated by
κ ≡ Db(ωa)|η(ωa)|2 with Db(ω) the density of outside
modes, is much longer than the inverse of the bandwidth
of Db(ω)|η(ω)|2. Typically, for a power-law density of
states, we may take this bandwidth to be ωa, so in fact
we assume here κ ωa. Then, a˜ can be taken out of the
integral and by averaging, assuming 〈bˆj(0)〉 = 0, we get,
〈 ˙˜a〉 = −κ
2
〈a˜〉 − ig〈µˆ〉. (C3)
The typical timescale for changes in the atomic operators
is dictated by the decay rate to the perpendicular modes,
which is similar to that in free-space, γ0, and by g. By
assuming the bad-cavity limit, i.e. κ g, γ0, and noting
that 〈µˆ〉 ≤ O(1), we have 〈 ˙˜a〉 ≈ −κ2 〈a˜〉, and thus obtain
〈a˜〉(t) ≈ 〈a˜〉(0)e−κ2 t. (C4)
Finally, by the quantum regression theorem [19] we have
〈a˜(t)a˜†(t+ τ)〉 = 〈a˜(t)a˜†(t)〉e−κ2 |τ | = (na + 1)e−κ2 |τ |
〈a˜†(t)a˜(t+ τ)〉 = 〈a˜†(t)a˜(t)〉e−κ2 |τ | = nae−κ2 |τ |, (C5)
where in the last step we assumed stationarity of the
correlations, and took the thermal state as the stationary
state, with na the Planck distribution for ωa.
Appendix D: Dipole matrix element calculation
We would like to calculate the dipole matrix element
d between the states |e〉 = |n, n − 1, n − 1〉 and |g〉 =
|n, n − 2, n − 2〉, with n = 51. Let us first derive an
expression for a general n. Clearly the z component of
the dipole vanishes since ∆m = 1, so let us calculate
dx = er sin θ cosφ, with the usual convention of spheri-
cal coordinates. In terms of the Hydrogen wavefunctions
Rnl(r)Ylm(Ω), where Ω is the solid angle, the matrix el-
ement is written,
d
e
= RA
R =
∫ ∞
0
drr3R∗n,n−1(r)Rn,n−2(r)
A =
∫
dΩY ∗n−1,n−1(Ω) sin θ cosφYn−2,n−2(Ω).(D1)
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We begin with the radial part R. Recalling the Hydrogen
radial functions [24], we find
Rn,n−1(r) =
√(
2
na0
)3
1
2n(2n− 1)!e
−rna0
×
[
−
(
2r
na0
)n−1
+ (2n− 2)
(
2r
na0
)n−2]
Rn,n−2(r) =
√(
2
na0
)3
1
2n(2n− 2)!e
−rna0
(
2r
na0
)n−1
.
(D2)
Performing the integrations in R, we obtain
R =
√
1
(2n− 1)!(2n− 2)!
1
2
×
[
(n− 1)Γ(2n+ 1)− 1
2
Γ(2n+ 2)
]
a0, (D3)
where Γ(x) is the Gamma function. For n = 51 we get
R = −768.815a0. The angular part A is calculated by
first noting that sin θ cosφ =
√
2pi
3 (Y1,−1−Y1,1) and then
using∫
dΩY ∗lmY1,qYl′m′ =
√
3(2l′ + 1)
4pi(2l + 1)
Cl,0;l′,1,0,0Cl,m;l′,1,m′,q,
(D4)
where CJ,M ;j1,j2,m1,m2 are the Clebsch-Gordan coeffi-
cients. We thus obtain,
A =
√
2n− 3
2(2n− 1)Cn−1,0;n−2,1,0,0
× [Cn−1,n−1;n−2,1,n−2,−1 − Cn−1,n−1;n−2,1,n−2,1] .
(D5)
For n = 51 we get A = 0.497, so finally we find d =
−382.101ea0.
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